Abstract. We use Bieri-Strebel invariants to determine when a normal fibre product in the product of two finitely presented groups is finitely presented. We give conditions that imply and in some cases characterize the existence of such finitely presented fibre products.
Introduction
It is well known that finitely presented subgroups of a product of two free groups are rare, in the sense that any such group must be a finite extension of a product of two free groups. This fact goes back to Baumslag and Roseblade, see [2] , and has been the starting point of a very fruitful field of research. A subdirect product of two groups G 1 , G 2 is a subgroup H ≤ G 1 × G 2 such that the restrictions to H of the projection maps onto G 1 , G 2 are epimorphisms. Several authors, including Bridson, Howie, Miller, Short and also Kochloukova have shown that for other families of groups such as surface or limit groups finitely presented subdirect products are rare in the same sense as before and have generalized this phenomena to other finiteness properties (see for example [9] , [10] , [15] and [11] ).
Let H ≤ G 1 ×G 2 a subdirect product and put N 1 = H ∩G 1 , N 2 = H ∩G 2 . Then for certain isomorphism µ : G 1 /N 1 → G 2 /N 2 , H is the fibre product
A natural question is Question 1.1. Which conditions on N 1 , N 2 , µ imply that H is finitely presented?
An answer in the case when G 1 = G 2 , N 1 = N 2 is the 1-2-3 Theorem due to Baumslag, Bridson, Miller III and Short ( [3] ). The following result is its asymmetric version proven by Bridson, Howie, Miller III and Short:
Theorem ( [11] , the asymmetric 1-2-3 Theorem) Let H ≤ G 1 × G 2 be a fibre product and N 1 = H ∩ G 1 , N 2 = H ∩ G 2 . Assume that G 1 , G 2 are finitely presented, that G 1 /N 1 ∼ = G 2 /N 2 is of type F 3 and that one of N 1 , N 2 s finitely generated. Then H is finitely presented.
This could lead us to believe that the precise isomorphism µ is irrelevant to Question 1.1. But a second answer in the particular case when G = G 1 = G 2 is metabelian and N = N 1 = N 2 makes clear that this is not the case. (The untwisted N -fibre product is the fibre product associated to 1 d : G/N → G/N .)
Theorem ( [4] Theorems 1, 9) Let G be a finitely presented metabelian group. For any N ≤ G i) the untwisted N -fibre product of G is finitely presented, ii) if G/N is abelian, the twisted N -fibre product H −1 d is finitely presented if and only if N is finitely generated.
The relevance of µ is also clear by the main result of [14] which essentially says that for metabelian groups the set of all possible maps µ is bigger in a strong sense than the set of those µ for which H µ is finitely presented.
In this paper, we are going to consider Question 1.1 but for normal fibre products only. The main reason for that is that our techniques rely on the use of the Bieri-Strebel invariant Σ 1 (G) of the finitely generated group G, which is a subset of the character sphere S(G) = {[χ] = R + | χ : G → R character} (for a normal subgroup N ≤ G, S(G, N ) is the sub sphere of those characters vanishing at N ). Obviously, the commutator subgroup G ′ is in the kernel of every character and by [12] Proposition 1.2, a fibre product H is normal precisely when it contains G ′ . Coming back to Question 1.1 and taking into account what happens for metabelian groups, one could think that given its resemblance with the diagonal group, the untwisted fibre product should keep the properties of the ambient group G. However what we get is:
Theorem A: Let N ≥ G ′ be a normal subgroup of the finitely presented group G. Then the untwisted N -fibre product in G × G is finitely presented if and only if
This implies:
Corollary B: Let N ≥ G ′ be a normal subgroup of the finitely presented group G. Assume that G contains no non-abelian free subgroup. Then the untwisted N -fibre product in G × G is finitely presented.
On the contrary, if we twist by −1 d we rarely get a finitely presented fibre product. More explicitly, the N -fibre product H −id in G × G is finitely presented if and only if N is finitely generated (see Corollary 3.13 below). This and the previous results are corollaries of the following:
be normal subgroups of the finitely presented groups G 1 , G 2 and let µ :
(See Section 3 for notation). Using Theorem D it is easy to construct examples for which the untwisted fibre product is not finitely presented but there is some µ such that H µ is. In the last two Sections we consider the following variation of Question 1.1 Question 1.2. Let N 1 , N 2 be normal subgroups of the finitely presented groups
When is it possible to construct µ so that H µ is finitely presented?
Again, we restrict ourselves to the case when G 1 /N 1 and G 2 /N 2 are abelian. We prove:
both finitely generated and of co-rank m and k respectively such that
Then there is some normal finitely presented fibre product
As a corollary, we show that the existence of finitely generated subgroups of big co-rank lying over the commutator implies the existence of finitely generated normal fibre products of big co-rank (see Corollary 4.7). We also determine the existence of such subgroups for certain families as for example virtually solvable groups of finite Prüfer rank.
But to characterize the existence of finitely presented normal fibre products is a much more difficult problem which we consider only in the case G = G 1 = G 2 and N = N 1 = N 2 . We are able to solve it assuming that N has small co-rank in G, namely 1 (Proposition 3.9) or 2 (Theorem 5.1) and also for arbitrary co-rank under the extra assumption that Σ 1 (G) c has an special form: it is a finite union of great subspheres (Theorem 5.2). This is the case for example if G is a right angled Artin group, moreover the dimension of the subspheres depends on the connectivity of the associated flag complex ∆ which allows a full characterization in terms of ∆.
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2. Preliminaries in fibre products, cohomological finiteness and Sigma theory Definition 2.1. Let G 1 , G 2 be groups with normal subgroups N 1 ≤ G 1 , N 2 ≤ G 2 such that G 1 /N 1 and G 2 /N 2 are isomorphic and let µ :
In the particular case when G := G 1 = G 2 and N := N 1 = N 2 we call H µ the N -fibre product.
Obviously, fibre products in G 1 × G 2 are subdirect products. Conversely, given a subdirect product H ≤ G 1 × G 2 , let N i := H ∩ G i for i = 1, 2 and note that each N i is normal in G i . Moreover, for any g 1 N there is a single class g 2 N such that (g 1 , g 2 ) ∈ H. In fact, this defines an isomorphism µ :
Definition 2.2. With the notation of Definition 2.1, recall that a subdirect product
where rk denotes the torsion fee rank of a finitely generated abelian group. We say that H is a normal fibre product of co-rank n. Obviously, the biggest possible co-rank of a normal fibre product in
If G 1 and G 2 are both finitely presented and H is a normal subdirect product in G 1 × G 2 , then [2] Lemma 2 implies that H is finitely generated.
As one can expect, the smaller the co-rank of a fibre product is, the closer properties to the ambient group one can get. This is formalized in the next result.
Lemma 2.3. Assume that there exists a finitely presented normal fibre product H ≤ G 1 × G 2 of co-rank n. Then for any 0 < m < n there is also a finitely presented normal fibre productĤ ≤ G 1 × G 2 of co-rank m.
Proof. Let H = H µ be a finitely presented normal subdirect product of co-rank n with µ :
be a subgroup of rank n − m and put
Obviously,Ĥ is a normal subdirect product of co-rank m. Moreover, there is a short exact sequence
which implies thatĤ is finitely presented.
The main tool that we are going to use is Sigma theory so we recall here the main definitions needed. A character of a group G is a homomorphism χ : G → R where R is seen as an additive group, the set of characters is denoted by Hom(G, R). Given a character χ we put [χ] = {tχ | 0 < t ∈ R} and extend this notation to subsets, i.e., for any Ω ⊆ Hom(G, R),
which is often useful to visualize as an n − 1-sphere where
Recall that G is said to be of type FP m for m ≤ 0 or m = ∞ if there is a resolution of the trivial module by projective modules which are finitely generated up to the m-th one. And it is of type F m if it admits a model for the EilenbergMaclane space K(G, 1) with finite m-skeleton. Being finitely generated is equivalent to being F 1 or FP 1 and being finitely presented is equivalent to being of type F 2 so the properties F m are usually considered as homotopical higher dimensional analogues of finite presentability. If G is of type FP m , the homological m-th Bieri-Neumann-Renz-Strebel invariant (or m-th Sigma invariant for short), first defined in [7] is
for the obvious generalization for monoids of the condition of being FP ∞ . If G is of type F m , then one can define the homotopical analog Σ m (G) (first defined in [18] ). Some of the most remarkable features of these invariants are that they are open subsets of S(G) ( [7] Theorem A and 6.5) and that they provide information about which subgroups over G ′ are also of type FP m (resp. F m ).
Theorem 2.4. ([7] Theorem B and 6.5) Let
(This result will be heavily used throughout the paper.) Given two groups G 1 and G 2 , a homomorphism χ : 
The homotopical and homological invariants are connected via
By [5] Theorem 1.5 (first proven by Schütz), Meiner's inequalities are equalities if m ≤ 3. Since we will be mostly interested in m = 2, we will make more explicit the above formulas in this case. Assuming that G 1 , G 2 are finitely presented, we get
There is a similar formula for Σ 2 (Γ, Z).
Although we have tried to provide all the relevant references for the results used, for anything related to the invariants Σ 1 (G, Z), Σ 1 (G) the reader is referred to the excellent survey [19] .
3. Finitely presentability of normal fibre products
Observe that the map µ * does not depend on the action of µ on the torsion elements of
is finitely presented if and only if
As the projection map H µ → G 1 is surjective, we deduce that H µ ≤ Kerχ if and only if χ 1 + µ * (χ 2 ) = 0. This means that H µ is finitely presented if and only if for any pair
. Thus H µ is finitely presented if and only if for any pair
Remark 3.3. A statement close to this one for metabelian groups and in the case when N i = G ′ i for i = 1, 2 is in the proof of [14] Theorem B. In the case of metabelian groups, it also a consequence of [6] Corollary 7.4 where the Sigma invariant Σ 1 (H) c for H a normal fibre product in G 1 × G 2 is computed.
Example 3.4. With the same notation as in Theorem 3.2, assume that N 1 is finitely generated. Then Theorem 2.4 implies that Σ 1 (G 1 ) c ∩ S(G 1 , N 1 ) = ∅ thus any normal fibre product in G 1 × G 2 is finitely presented. This is a particular case of the asymmetric 1-2-3 Theorem ( [11] ). 
Proof. This is a consequence of Theorem 2.4 and Theorem 3.2.
Example 3.6. If G is a limit group, then Σ 1 (G) = ∅ ( [15] ) so Corollary 3.5 applies (this is also a consequence of [9] Theorem A).
Example 3.7. Let G be a group that admits a finite presentation with k ≥ 2 generators and n relators. Assume that n < k − 1. Then by [19] Proposition B3.2, Σ 1 (G) = ∅ . In particular this is the case for any 1-relator group G unless it is cyclic or 2-generated. This is related to [10] Theorem A.
In the case of co-rank one, there is not much choice for µ. Using Theorem 3.2 we get the following variant of a result in a previous version of the paper. This reformulation was suggested by the referee and improves on [12] Theorem 6.1: We also deduce the following: i) There exists some G ′ 1 ≤ N 1 < G 1 finitely generated, ii) There exists some G ′ 2 ≤ N 2 < G 2 finitely generated, iii) G 1 and G 2 are both strict ascending HNN-extensions with finitely generated base groups.
Proof. The existence of a normal fibre product implies that G ′ i < G i for i = 1, 2 and so do any of the conditions i), ii) or iii) so we may assume that. The proof is then a variation of the proof of Proposition 3.8 considering the two possibilities t 1 → t 2 and t 1 → t −1 2 .
Now we consider the case when
We may use Theorem 3.2 to determine when an untwisted normal fibre product is finitely presented. 
A direct application yields the following which is in a sense a generalization of Theorem 1 of [4] since it applies to a wider family of groups but it is more restrictive in the sense that the group N is here required to lie over the commutator of G. Proof. By Corollary B 1.10 in [19] , Σ 1 (G) c is 2-tame, thus the condition of Corollary 3.10 holds.
In the next result we consider the opposite situation. Another consequence is that the twisted fibre product with −id is rarely finitely presented. Using Theorem 3.2 we can construct our first example of a group G such that the G ′ -fibre products H id and H −id are not finitely presented but there is some µ :
Example 3.14. Let
Then rkG/G ′ = 2. It is easy to compute Σ 1 (G) c using what is known as Brown's algorithm (see [19] ). This procedure yields
with χ(a) = −1, χ(b) = 2. Obviously, it is not 2-tame thus the untwisted G ′ -fibre product in G × G is not finitely presented (and neither is H −1 d ). However, for any µ :
, the corresponding twisted G ′ -fibre product is finitely presented.
Cooking automorphisms.
So far we have been applying Theorem 3.2 mainly to detect whether a given normal fibre product is finitely presented or not. In this section we are going to consider the problem of constructing, given finitely presented groups G 1 , G 2 and normal subgroups N 1 , N 2 lying over the commutator, a suitable map µ so that H µ is finitely presented. Example 3.14 illustrates in a quite primitive way that this is a problem in geometry. To make this more explicit, we are going to recall the notation used in [19] A1.1d. Notation 4.1. Let G ′ ≤ N ≤ G and assume for simplicity that √ N = N , i.e., that G/N is torsion free. Put n = rkG/N . Once we have fixed a generating system of G/N , it induces an isomorphism
Let E n be the Euclidean space with the ordinary scalar product −, − (and norm − ). Let e 1 , . . . , e n be the canonical basis in E n . Put
with χ v (gN ) := v, ϑ(g) . Let S n−1 be the unit n − 1-sphere in E n . We also get a bijection S n−1 → S(G, N ). Given any v ∈ E n , we put [v] := 1 v v ∈ S n−1 and for any subset U of E n , we denote
We say that a subspace U ≤ E n is rationally defined it is has some generating system consisting of rational vectors. Now, let G i , N i , ϑ i for i = 1, 2 as before so that n = rkG 1 /N 1 = rkG 2 /N 2 . Any isomorphism µ : N 1 , R) and therefore we get an isomorphism (ϑ * 1 ) −1 µ * ϑ * 2 : E n → E n which preserves the Z-lattice L := Ze 1 + . . . Ze n . And conversely, any linear isomorphism ϕ : E n → E n preserving the lattice L yields an isomorphism µ :
Using Theorem 3.2 we deduce that if there is some ϕ : E n → E n preserving the lattice L and such that
The next example illustrates a possible method to construct such a µ and substitutes a different construction in a previous version of the paper. This and also the possibility of extending it to higher dimensions were suggested by the referee. 
Proof. Note first that by openness, there is some ε > 0 such that
(We are using the obvious fact that [W ] = −[W ] ⊆ −Σ 1 ). Let 0 ≤ α ∈ Z and consider the map ϕ α : E n → E n given by the matrix
Obviously, this is an invertible linear map that preserves the lattice L. Let T = Re m+1 + . . . + Re n . For v ∈ S n−1 put v = a + b with a ∈ W , b ∈ T (we fix this notation throughout the proof). Then ϕ α (v) = a + f α (b) + b with f α : T → W an injective map with image U .
Step 1: There is an M , not depending on α,
Observe that 1 = v 2 = a 2 + b and
So if we put
Step 2: There is some 0 < ε 1 such that if b 2 < ε 1 and (4) holds, then
We begin by computing that distance. Let U ′ := Re k+1 + . . . + Re m and put
Take
Step 3: There is some α big enough such that if (4) holds, then b 2 < ε 1 . To see it note that
As f α (b) = α b , the three points 0, v and −f α (v) form a triangle whose sides have lengths 1, α b and d(v, −f α (b)). By the triangle inequality this means
We can now finish the proof. Let α be as in Step 3.
The next result is surely well known, but I have not been able to find an explicit reference in the literature except of the case of co-rank 1 which is [19] Corollary A4.13. i) There is a finitely generated subgroup
Proof. Let G ′ ≤ N ≤ G be a normal subgroup of co-rank n. Assume we have a k-dimensional subspace Hom(G/N, R) generated by discrete characters χ 1 . . . , χ k : G/N → R. Then for the subgroup K = Kerχ 1 ∩ . . . ∩ Kerχ k we have N ≤ K ≤ G and rkG/K = k. Conversely, for any N ≤ K ≤ G of corank k, the subspace generated in Hom(G/N, R) by the subsphere S(G, K) has dimension k and is generated by discrete characters. (If we start with K, consider the associated subspace S(G, K) and then the intersection of the kernels of a basis, what we recover is √ K). Moreover, Theorem 2.4 implies that the subgroup K is finitely generated if and only if
Note also that under the coordinate map ϑ, any linear subspace V of E n corresponds to a linear subspace of Hom(G/N, R) so that V is rationally defined if and only if ϑ(V ) is generated by discrete characters. This yields the equivalence between i) and ii). To see that iii) implies ii) one can proceed as follows: Choose a basis {v 1 , . . . , v k } of V so that for i = 1, . . . , k, v i = 1 and the v i are pairwise orthogonal. For some ε > 0 small enough, choose u 1 , . . . , u k ∈ E n so that for every i = 1, . . . , k we have u i = 1, u i −v i < ε, there is some rational vector in Ru i and moreover the set {u 1 , . . . , u k } is linearly independent. The fact that there is a family with the first properties follows from the density result proven in [19] Lemma B3.3, it is possible to check that the u i 's can be taken to be linear independent by proceeding by induction, using the fact that each v i is "far away" from S n−1 ∩ (Rv 1 + . . . + Rv i−1 ). Alternatively, take into account that once u 1 , . . . , u i−1 have been chosen then the set of those p ∈ S n−1 such that p − v i < ε and p ∈ Ru 1 +. . .+Ru i−1 is open in S n−1 so the claim follows from the mentioned density result. Then one easily checks that making ε small, [U ] and [V ] 
Note that in all the examples below we will use the equivalence between i) and ii) only.
Example 4.5. For most groups G for which is known, the invariant Σ 1 (G) c is rationally defined, more explicitly, it is a union of intersections of rationally defined closed hemispheres. However, this is not always true. Let F be Thompson's group, i.e., the group of dyadic piecewise linear selfhomeomorphisms of the unit interval having finitely many break points. Then F/F ′ has torsion free rank 2 and Σ 1 (F ) c consist of two points, but they are not discrete, in other words, the associated subset in S 1 is not rationally defined (see [6] ). Proof. We may assume that that k ≤ m. If m = n it suffices to consider the fibre product H µ associated to any µ : 
Hμ is finitely presented. Thenμ can be lifted to an iso µ : G 1 /N 1 → G 1 /N 2 so that H µ and Hμ are commensurable so we get the result.
Corollary 4.7. Let G 1 , G 2 be finitely presented and put
both finitely generated and of co-rank m and k respectively. Then there is some normal finitely presented fibre product in G 1 × G 2 of co-rank
Proof. Let n := min{m+k, n 1 , n 2 }. There are subgroups
As the subgroups N 1 K 1 and N 2 K 2 are finitely generated, this means that working in the sub spheres S(G 1 , N 1 ) and S(G 2 , N 2 ) and taking suitable overgroups of N 1 K 1 and N 2 K 2 we may assume that n = k + m. Now, use Theorem 4.6.
Remark 4.8. The asymmetric 1-2-3 theorem implies the same but for co-rank min{m, k}.
In some cases it is not difficult to detect the existence of a finitely generated subgroup of a given co-rank as in Theorem 4.6 or, equivalently, of a linear subspace U with [ϑ(U )] ⊆ Σ 1 (G).
Example 4.9. Let G be a finitely presented subgroup that contains no non abelian free subgroup. Then by [6] Theorem D (the explicit argument will be recalled in Theorem 5.1 below) there is a finitely generated subgroup G ′ ≤ K < G of co-rank 1.
Example 4.10. If G is the fundamental group of a compact 3-manifold, [6] Corollary F implies that Σ 1 (G) = −Σ 1 (G). Therefore, if Σ 1 (G) = ∅, there is some [χ] with [χ], [−χ] ∈ Σ 1 (G). Thus again by Lemma 4.4 we deduce that there is a co-rank 1 finitely generated subgroup G ′ ≤ K < G.
The next example was pointed out by the referee:
There is some normal fibre product K in G of co-rank n and by [2] Lemma 2, K is finitely generated. Example 4.12. Let G be virtually solvable and finitely presented and assume that G has finite Prüfer rank (i.e., there is a bound on the smallest number of generators of every finitely generated subgroup of G). Let n = rkG/G ′ . Then there is a finitely generated G ′ ≤ K ≤ G of co-rank n − 1. To see it recall that by [17] Theorem 2.5 (see also [8] Proposition 2.5), Σ 1 (G) c is finite (and consists of discrete characters only). Then taking any hyperplane U ⊆ E n such that Σ 1 (G) c ∩ ϑ(U ) = ∅ and using Lemma 4.4 we get the claim. 
In the particular case when G = G 1 = G 2 we get:
Corollary 4.14. Let G be finitely presented and assume that there is a finitely generated H with N ≤ H ≤ G such that rkG/H ≥ 2rkG/N . Then there is some finitely presented twisted N -fibre product.
Example 4.15. Let G be a 2-generated 1-relator group with relator of the form u = v where u, v are positive words on the generator so that the sum of the exponents of each of the generators in u equals that in v. Then there is some finitely presented twisted G ′ -fibre product in G × G. To see it, note that rkG/G ′ = 2 and recall that by [1] Theorem 1, G has a normal subgroup N which is finitely generated free and such that G/N is cyclic so we only have to apply Corollary 4.14.
Some partial converses
In this section we are going to assume that G = G 1 = G 2 and consider situations when the converse of Corollary 4.14 holds true. Proof. For the "if" direction it suffices to use Corollary 4.14. In fact, note that the condition G =< t > ⋉K with K finitely generated is equivalent to the existence of a discrete character χ :
Assume that there is a finitely presented N -fibre product H ≤ G × G. By 
S(G, K).
There is a finitely presented G ′ -fibre product in G×G if and only if rkG/G ′ ≤ 2rkK/K ′ for any K ∈ Λ.
Proof. Assume first that the condition on the ranks of the elements in Λ holds and let n = rkG/G ′ . Let V be a subspace of E n of biggest possible dimension with zero intersection with the vector space generated by each of the sub spheres S(G, K) (such a subspace exists, see for example [19] Lemma A4.9). Then [V ] ∩ S(G, K) = 0 for any K ∈ Λ thus [V ] ⊆ Σ 1 (G) and for some K ∈ Λ, dim R V + rkG/K = n which implies that n ≤ 2dim R V so from Corollary 4.14 we deduce that there is some finitely presented G ′ -fibre product in G × G.
Conversely, if there is such a fibre product then by Corollary 3.10 we see that there is some ϕ : E n → E n with [ϕ(S(G, K))] ∩ S(G, K) = ∅ for any K ∈ Λ. This implies that 2n − 2rkK/K ′ = 2rkG/K ≤ n.
Example 5.3. The hypothesis of Theorem 5.2 hold for pure symmetric automorphisms of finitely generated free groups ( [16] ) and fundamental groups of compact Kähler manifolds ( [13] ). It is also the case for right-angled Artin groups. For this last family we are going to be more explicit: let ∆ be a flag complex and G ∆ the associated right angled Artin group. If S ⊆ V (∆) is a subset of vertices we denote by ∆ S the smallest subcomplex of ∆ containing S and set G S := G ∆ S seen as a subgroup of G. By [19] Proposition A4.14 (due to Meier and VanWyk) if G is not abelian,
where S is the set of subsets S ⊆ V (∆) such that the subcomplex of ∆ obtained by removing the vertices in S is disconnected and S is minimal with respect to that property.
So we get: Example 5.5. Let ∆ be the graph One easily checks there is no set of 2 vertices such that its removal disconnects the graph so the condition of the Theorem is satisfied. However, V (∆) can not be split as a disjoint union of two sets of vertices so that each of the vertices in the first set commutes with each of the vertices of the second set. This means that the associated right angled Artin group is not a direct product thus it does not fall into the scope of Example 4.11.
